MUTATION OF AUSLANDER GENERATORS 
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Abstract. Let A be an artin algebra with representation dimension equal 
to three and M an Auslander generator of A. We show how, under certain 
assumptions, we can mutate M to get a new Auslander generator whose en- 
domorphism ring is derived equivalent to the endomorphism ring of M. We 
apply our results to selfinjective algebras with radical cube zero of infinite rep- 
resentation type, where we construct an infinite set of Auslander generators. 



Introduction 

The notion of the representation dimension for an artin algebra A, was intro- 
duced by Auslander in [2]. The purpose was to give a measure of how far A is 
from being representation finite (that is, having a finite number of nonisomorphic 
indecomposable finitely generated modules). It is defined as the smallest num- 
ber, that can be realized as the global dimension of the endomorphism ring of a 
finitely generated A-module, which contains all the indecomposable projective and 
indecomposable injective A-modules as direct summands. Such a module, whose 
endomorphism ring has global dimension equal to the representation dimension of 
A, is called an Auslander generator of A. 

Although a lot of research focuses on determining bounds and computing the 
representation dimension of special classes of artin algebras, not much work has 
been done on studying the class of Auslander generators of an algebra. In this paper, 
in an effort to understand better the structure - if any - of the class of Auslander 
generators, we show how we can construct new Auslander generators from given 
ones, under certain assumptions, for artin algebras with representation dimension 
equal to three. This is done by replacing an indecomposable direct summand of an 
Auslander generator by another indecomposable A-module. We call this process 
mutation since it resembles the mutation of objects in [6], [9], [7], [10]. 

For the presentation of our results, we have found it convenient to use the lan- 
guage of relative homological algebra, as this was developed by Auslander and Sol- 
berg in [4]. In Section 1, we give definitions of all the notions, from relative ho- 
mological algebra, that appear in our work and we refer to [4] for details. A short 
overview can also be found in [11]. In Section 2, we fix the setting and make some 
assumptions under which we are able to mutate a given Auslander generator in 
order to get a new one. In Section 3, we show that these assumptions are satisfied 
for infinite type selfinjective algebras with radical cube zero, and a specific class of 
Auslander generators of these algebras. Finally, in Section 4, we show via an exam- 
ple how we can construct by mutation an infinite set of Auslander generators of an 
infinite type selfinjective algebra with radical cube zero, starting from a canonical 
one. It is proven in [12] that for the exterior algebra in two variables, this process 
gives a complete set of minimal Auslander generators. 
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1. Preliminaries 

The purpose of this section is to give, in a compact form, some necessary back- 
ground for understanding the results in this paper. 

We begin by fixing some notation that we use in the rest of the paper. Let A 
be an artin algebra. We denote by mod A the category of finitely generated left A- 
modules. By a A-module we always mean a module in mod A. For a A-module M, 
we denote by add M the full subcategory of mod A consisting of all direct summands 
of a direct sum of copies of M. A generator-cogenerator for mod A, is a A-module 
M, such that all the indecomposable projective and the indecomposable injective 
A- modules are in addM. A formal definition of the representation dimension of A, 
which we denote by repdimA is given as follows: 

repdim A = inf{gldimEndA(M) | M generator — cogencrator for mod A}. 

Next, we recall some basic terminology and results from relative homological algebra 
and we refer to [4] for more details. Let M be a generator-cogenerator for mod A. 
For any pair of A-modules A and C, we define the following set of short exact 
sequences 

F M (C, A):={0^A^B^C^0\ Hom A (M, B) -» 

Hom A (M, C) -> is exact}. 

A short exact sequence (r?) : — > A — > B — > C — > 0, in mod A, is called Fm -exact if 
(77) is in Fm(C, A). It is proven in [4], that the above assignment defines an additive 
sub-bifunctor of the bifunctor Ext A (— ,— ): (modA) op x mod A — > Ab, where Ab 
denotes the category of abelian groups. Moreover, using this fact, it is proven that 
the set of all FM-exact sequences is closed under pushouts, pullbacks and direct 
sums of short exact sequences. In other words, any pushout or pullback of an 
fM-exact sequence is again F^-exact, and the direct sum of any two FM-exact 
equences is again FM-exact. It is obvious, by the definition of F^-exact sequences, 
that the A-modules in addM play the role of projective modules for the set of 
fM-exact sequences. Hence it is natural to define as Fm -projective modules, the 
modules in add M. Dually, for any A-module C, there exists an FM-exact sequence 
O^F^P^C^O, with P an FM-projective A-module. Note that the map 
P — > C is nothing but a right add M-approximation of C which we know is an 
epimorphism, since addM contains all the indecomposable projective A-modulcs. 
An FM-projective resolution of C is an exact sequence 

► Pi ^ Pi-! -> ► Pi ^ P ^ C - 0, 

where the A-module Pj is F M -projective for all i, and each short exact sequence 
— > Im/j +1 — > Pi — > Im/j — > is F M -exact. 

Similarly to the ordinary syzygy functor fi A : modA — > mod A. we can define the 
FM-syzygy functor Clp M : mod F A — > mod F A. Here, mod F A denotes the factor 
category modA/Pi? M , where, for any A-modules A and B, the ideal Pf m (A, B) C 
HomA(v4, B) consists of the morphisms that factor through an FM-projective mod- 
ule. We denote by Hom Fu (A, B) the factor HomA(,4, B) /Vf m (A, B). 

The FM-projective dimension of C, which we denote by pd FM C, is defined to be 
the smallest n such that there exists an FM-projective resolution 

-» P„ -» ► Pi - P -f C - 0. 

If such n does not exist we set pd^C = 00. Then, the Fm- global dimension of A is 
defined as: 

gldim FM A = sup{pd FM C | C E modA}. 
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Dually, if M is a generator-cogenerator for mod A, we can define a set of exact 
sequences, which we call F M -exact, such that the A-modules in addM play the 
role of injective modules. The following useful result was proved in [11]. 

Proposition 1.1. Let M be a generator-cogenerator for mod A. Then, for any 
positive integer I, the following are equivalent: 

(a) gldimEnd A (M) < I + 2, 

(b) gldim FM A < I, 

(c) gldim F M A < I. 

In view of Proposition 1.1 we can give the following equivalent definition of the 
representation dimension of an artin agebra A: 

repdim A = inf{gldim FM A | M generator — cogenerator for mod A} + 2. 

If M is a basic Auslander generator of a selfinjective artin algebra A, we write 
M = A © M-p, where Mp is the direct sum of the non-projective direct summands 
of M. We have the following consequence of Proposition 1.1. 

Corollary 1.2. Let A be a selfinjective artin algebra. Then the K-module A © Mp 
is an Auslander generator if and only if the K-module A©DTrMp is an Auslander 
generator. 

Proof. The statement is a straightforward consequence of Proposition 1.1 and the 
fact that F M = F DTrM (see [4]). □ 

2. Mutation of Auslander generators 

In this section, we describe how we can construct, under certain assumptions, an 
Auslander generator from a given one. In particular, we give some sufficient setting 
and assumptions under which we can replace an indecomposable direct summand of 
an Auslander generator, by another indecomposable module, so that we get again 
an Auslander generator. 

Let A be an artin algebra of infinite representation type and M a generator- 
cogenerator for mod A such that gldim Fj/ A = 1. Let N be an indecomposable 
direct summand of M which is not projective or injective and 

-> N ^ E ^ t~ x N -> 

the almost split sequence starting at N. Set M* = M/N © t~ 1 N, where r is the 
Auslander-Reiten translation. We assume that E is in addM. Note here that the 
factor module M/N is the cokernel of the split monomorphism N M. Our goal 
is to give necessary and sufficient conditions such that gldim FjM>t A = 1. To do 
this we first need a couple of technical lemmas. With the above assumptions and 
notation we have the following lemma. 

Lemma 2.1. Let C be an indecomposable K-module. Denote by I the length of the 
top of Hom F . u . (t -1 N. C) as an End F w fr -1 N) -module. Let also ac- Mc — > C 
be a minimal right add M/N -approximation of C . Then 

(a) n FM/N (C)~N l ®keva c /N l 

(b) Fm ,(C) ~E l ®\aerac/N l 

and ker ac/N l does not contain N as a direct summand. 

Proof. Assume first that I = 0. Then all morphisms from t~ 1 N to C, factor 
through ac- This means that ac is also a minimal right add M*-approximation 
of C. Hence, in this case, we have that Fjvf/JV (C) = Qp M +(C) = kerac- It 
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remains to show that kerac does not contain A as a direct summand. Assume 
that kerac = A © A'. We have the exact sequence 

-» A © AT' ^> M c ^ C -> 0. 

Note that ac is an cpimorphism since M/N is a generator for mod A. Let ttn ■ A© 
A' — > A be the natural projection. Since every morphism from t~ 1 N to C factors 
through ac, we have that every morphism from A © A' to A factors through i 
(see [3, Chapter IV, Corollary 4.4]). In particular ttn factors through i. But this 
implies that A is a direct summand of Mc, which is not possible since Mp is 
in addM/A. Thus, we have proven that kerac does not contain A as a direct 
summand. 

Assume now that I > and let {/i, • • • , /;} in HomA(r _1 A, C) induce a minimal 
generating set of the top of Hom f .^, ;; (t" 1 A, C) as an End p M/jv (t -1 A)-module. 
We form the following pullback diagram 

>- kerac >- Y\ >- r _1 A *- 

h 

>- ker a c >- M c " C > C > o. 

Note that the upper sequence is F M /jv-exact since the lower one is so (recall from 
Section 1 that F M / N -ex.aet sequences are closed under pullbacks). We show that 
<7i is a right almost split morphism. Since fx does not factor through ac, the 
morphism g\ is not a split epimorphism. Let g: X -> t _1 # be a morphism which 
is not an isomorphism, with X an indecomposable A-module. Then there exists 
a morphism 77: X — > E such that £077 = g (recall that e is the minimal right 
almost split morphism ending at t _1 A). But since E is in addM/A and the upper 
sequence of the above diagram is Fm/n -exact, there exists a morphism 9: E — > Y\ 
such that g\o9 = e. Then, we have that gioOoi] = g, so g factors through g\. 
Hence, g\ is a right almost split morphism and we have an isomorphism of short 
exact sequences 

(J () , (0 e) 

> Y± © A S- © E > r-iJV > 

1 1 

■' 

gi 

>- ker a c >- Yi s- r^ 1 A >- 

and an induced short exact sequence 

(//i) : -> Yl © E -> M c © t~*N ( " c /l} > C -> 

which is F M / N -exa,ct. If Z = 1, then \x\ is also Fm* -exact and then Qir M/JV (C) ~ 
A © Yj 1 and ^f m * (C) ~ £7 © Y 1 . Using the same argument as in the case I = 0, 
we can show that Y± does not contain A as a direct summand. If I > 1, using the 
short exact sequence (/ii), we form the following pullback diagram 

Yi 1 © E Y 2 ^— T -i N *■ 

>- 5? © E M c © t- 1 A ( " C A j C >- 



MUTATION OF AUSLANDER GENERATORS 



5 



As before, we can show that 172 is a right almost split morphism, so we have an 
isomorphism of exact sequences 



MO 1 



Yi © N S- l^ 1 © £ 



(Oe) 



> Yi 1 © £ »- Y 2 ^ r -i TV »► 0. 

Using the isomorphism © N — m © an d since A^ is not a direct summand 
of 2?, we get that ~ Y" 2 2 © £ and Y] 1 ~ F 2 2 © AT, for some A- module Y" 2 2 . So, 
ker ac — ^l 1 © A" ~ l^ 2 © N 2 . Moreover, we have an induced short exact sequence 

{m) : Y 2 2 © E 2 -+ M c © r- 1 ^ © r- 1 ^ ( ° c Jl /2) > C -» 

which is FM/jv-exact. Repeating this process / times, we can show that ^_f m/jv (C 1 ) = 
ker ac — Y t l © A^ , for some A-module and there is a short exact sequence 

(jil) :0->Yl ®E l -> M c ® t^N © • • • © t _1 JV ( ° c fl - Jl) > C -► 

which is F m /jv -exact. Now since {/1, ...,/;} is a minimal generating set of the top 
of Honi p v (r _1 iV, C) as an Endj w (T _1 A r )-module, m is in addition FM*-exact. 
Hence ftp Mi ,(C) ~ Y"/ © _E J . Moreover, using the same argument as for the case 
I = 0, we can show that A 7 is not a direct summand of YJ Z and the proof is now 
complete. □ 

For the next lemma, we still keep the notation and assumptions made in the 
beginning of the section. 

Lemma 2.2. If C is an indecomposable A-module which is not isomorphic to N, 
then pdp Mt C < 1. 

Proof. Let C be an indecomposable A-module which is not isomorphic to TV and 
consider the short exact sequence 

-> kera c -> M G C -> 0, 

where «c is a minimal right add M/Af-approximation of C. We show that etc is in 
fact a minimal right add M- approximation of C. To do this, we need to show that 
any morphism from N to C factors through Mc- Let g be in Hom\(N, C). Recall 
that C : N — > I? is the left almost split morphism starting at A 7 ". Then, since C is not 
isomorphic to N, there exists a morphism 8: E — > C such that 9o( = g. But then, 
since -E is in addM/A~ and ac is a right add M/A^-approximation, there exists a 
morphism 77 : E — > Mc such that ac oil = 8. So we have that g — ac on o ( and we 
have shown that ac is a minimal add M-approximation of C. Since gldim Fjvj A = 1, 
we then have that £lp M/N (C), which is isomorphic to kerac, is in addM. Using 
now Lemma 2.1 we get that Q,F Mt {C) is in a,ddM/N and hence in addM*. So 
Pd FM *C<l. □ 

We are now ready to prove the main theorem of this section. The notation and 
assumptions remain as in the beginning of the section. 

Theorem 2.3. gldim FMt A = 1 if and only ifCL F (N) is in add(M © M*). 

Proof. In view of Lemma 2.2, it is enough to show that gldim F t A = 1 if and only 
if pd FM , (N) < 1. So gldim FM>t A = 1 if and only if Q Fm , (N) is in addM*. By 
Lemma 2.1, and since E is in add M/N, we have that ^f m * (A r ) is in addM* if and 
only if n FM/N (AT) is in add(M © M*). □ 



6 



LADA 



In terms of representation dimension and Auslander generators the above theo- 
rem is translated as follows: 

Corollary 2.4. Let A be an artin algebra with repdim A = 3 and M an Auslander 
generator of A. Let N be an indecomposable, non-projective and non-injective, di- 
rect summand of M , such that the middle term of the almost split sequence starting 
at N is in addM. Set M* = M/N © t^N. Then, M* is an Auslander generator 
if and only if O F M / N (N) is in add(M © M*). 

We complete this section with a result showing that the endomorphism ring of 
the Auslander generator M* , that is constructed from the Auslander generator M 
as above, is derived equivalent to the endomorphism ring of M. 

Proposition 2.5. Let M = M/N © N and M* = M/N © t^N be Auslander 
generators of A, where N is an indecomposable direct summand of M which is not 
projective or injective. Let also 

(r)): -> N -» E -> t^N -> 

be the almost split sequence starting at N and assume that E is in addM. Then 
the endomorphism rings EndA(M) and EndA(M*) are derived equivalent. 

Proof. The statement is proved by using [11, Proposition 2.10] and [11, Theo- 
rem 2.6]. Both M and M* are generators-cogenerators and their endomorphism 
rings have finite global dimension. Moreover the almost split sequence (77) satisfies 
condition (b) of [11, Proposition 2.10]. That is, (rj) is a minimal F M -injective 
resolution of N and a minimal Fm -projective resolution of t N. Hence, condi- 
tion (a) of [11, Proposition 2.10] is satisfied. That is, Ext^ M (M* , M*) = (0) and 
Ext^ M< (M, M) = (0), for i > 0. Then, by [11, Theorem 2.6], this is equivalent 
to Hom A (M*, M) being a cotilting End A (M*) P-End A (M)-bimodule. This implies 
that the endomorphism rings EndA(M*) and EndA(M) are derived equivalent ([8]), 
which completes the proof. □ 

Note that Proposition 2.5 is true for artin algebras of any representation dimen- 
sion. 

3. Selfinjective algebras with radical cube zero 

This section deals with selfinjective artin algebras with radical cube zero. If such 
an algebra is of infinite representation type, it is proven that it has representation 
dimension equal to three (see [2]). We show that for a particular class of Auslander 
generators of these algebras the rather strict assumptions of the previous section 
are satisfied. Hence, in this case, we can construct by mutation new Auslander 
generators from given ones. 

In the rest of the section A denotes a selfinjective algebra of infinite representation 
type such that rad 3 A = 0. We set A — A/SocA. Then rad 2 A = 0, so there 
exists a hereditary algebra H and a functor F : mod A — > mod H that induces 
an equivalence between the stable categories mocL4 and modi/ (see [3, X.2]). We 
denote by tA the radical of A and by r^ the radical of A. We keep the above notation 
for the rest of this section. We need the following lemma: 

Lemma 3.1. Let O^C^B^S^O be a short exact sequence in mod A, with 
S a simple A-module. If C does not contain any simple direct summands, then the 
sequence — > F(C) — ► F(B) — ► F(S) — > is also exact. 

Proof. We need to show that the induced sequences 

-> v A C v A B -> x A S 
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and 

-» C/x A C -» B/t A B -» S/t^S -» 

are exact. Since 5 is simple, we have that xaS — 0, S/xaS = S and the map 
(3 factors through the natural projection B — ► B/xaB, so we have the following 
pushout diagram 





i 

>c 2 — >■ b — >0 



> C/r^B ^ B/xaB ^ S 





Since C does not contain any simple direct summands the image of the monomor- 
phism i: XaB — > C is contained in XaC. So tA-B is isomorphic to a submodule of 
t A C. On the other hand, the monomorphism a: C — > B induces a monomorphism 
&\x A C- *aC — » tU-B. Hence t^C = r^-B and consequently C/vaB = C/xaC which 
completes the proof. □ 

Let E be a complete slice in the AR-quiver of H that does not contain any 
projective or injective if-modules. For the definition and properties of a complete 
slice we refer the reader to [13] (see also [1]). Consider the A- module M — A® M-p, 
where Mp = F _1 (E). Let N be an indecomposable direct summand of M-p such 
that F(N) is a source on E. Then, if 

-» N ^ E ^ t^N -> 

is the almost split sequence starting at N, the middle term E is in add M-p since 
E is a complete slice. Set M* = M/N © t _1 A. Then, with the above assumptions 
and notation we have the following. 

Lemma 3.2. The top of Mp/N contains all simple A-modules. 

Proof. The simple A-modules correspond via the functor F to the simple injective 
H- modules. Hence, it is enough to show that the top of T,/F(N) contains all simple 
injective TJ-modulcs. By the definition of a slice, E is a sincere iJ-modulc so it 
contains all simple if -modules as composition factors. In particular, it contains all 
simple injective ff-modules as composition factors. But a simple injective module 
can only occur in the top of an indecomposable module, hence the top of E contains 
all simple injective ff-modules. Note that since N is not a simple A-module, the 
almost split sequence starting at F(N) is: 

-► F(N) F(E) -^l F(r- X A) -» 0. 

Now, since F(N) is a source on E, F(E) is a direct summand of E. Moreover, since 
F(N) is not simple, the top of F(N) is a direct summand of the top of F(E) [3]. 
Thus, all simple injective ff-modules are contained in the top of T,/F(N). □ 
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Now, we assume that the above M is an Auslander generator of A (we show later 
in this section that there are Auslander generators of this form) and ask when M* 
is again an Auslander generator. The answer is given in the following theorem. We 
keep the same assumptions for A and M as above. 

Theorem 3.3. Assume that gldim FM A = 1. 

(a) If Horn a (M-p IN, N) ^ (0), then gldim^ A = 1. 

(b) // Hom A (M-p /N, N) = (0), then gldim^ A = 1 if and only if tl A (N) is 
in add Mp . 

Proof. Let p : P(N) — > N be the projective cover of N and a : Mq — > N the minimal 
right add Mp /A-approximation of N. Then Qp M/N (N) can be computed using the 
following pullback diagram: 

fl A (N) V Fm/n (A) Mo 

a' a 

Y 

Q\(N) > P(N) ^ N 

(a) We show that Qjp m/jv (A) is in addM. Then the claim follows from Theorem 
2.3. The first step is to show that we can actually compute Qp M/N (N) using a 
pullback diagram of A-modules. This will allow us, using the stable equivalence 
induced by the functor F, to move to the hereditary algebra H and prove the claim 
using the properties of the slice S. 

Since N is not a simple or a projective A-module, its Loewy length is two, so 
v A N — Soc A and we have the following commutative exact diagram: 





> Oy(AT) »- t A P(A) »■ Soc A ^ 

> fl A (N) P(N) N 



P(N)/z A P(N) -=*■ A/ Soc A 





Since H is hereditary and F(N) is a source on the slice S, we have that 
Rom H (F(Mp/N),F(N)) = (0). Then 

Ugm A (Mp/N, A) ~ Ugm H (F(M P /N),F(N)) = (0). 

So all morphisms from Mp /N to N factor through a projective A-module. Since Mo 
is in add Mp/N, there exists a projective A-module Q and morphisms 0: Mq —> Q 
and 7: Q — > A such that 70/? = a. Since Mq does not contain any nonzero 
projective summands we have (3(M ) C xaQ- Then we have 7/3(M ) C ^(vaQ) C 
va N. Since N is not a simple module we have that XaN = Soc N. So the morphism 
a factors through the socle of A. 

Next observe that Qf m/n (N) does not contain any nonzero projective direct 
summands. We can see this by looking at the exact sequence — > Q Fm (N) — > 
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P(N)®M N -» 0. If Fm/jv (AT) contained a project ive summand P, then P 

would also be injective, hence the monomorphism $If m/n (AT) — > P (AT) ® M would 
have some split part. In particular P would be a direct summand of P(N), since 
M is in add Mp, which is a contradiction since P(AT) is the projective cover of N. 
Now, combining these observations with the diagrams above, we get the following 
commutative exact diagram: 




Hence we can compute Qf m/n {N) using the upper pullback diagram which is in 
mod A. By Lemma 3.2 the morphism a is an cpimorphism, so a' is an epimorphism 
too. Set Mi = Kera. Since SocA" is not isomorphic to AT, by Lemma 2.2 we get 
that Mi is in addM. In particular Mi is in add Mp, since a is minimal (here we 
use the same argument as the one we used in order to show that f2 f m/n (N) does 
not contain any nonzero projective summand). We set for simplicity p\ tA p(N) = Q- 
We have the following commutative exact diagram of A-modules: 



Mi 



:Ml 



> fl A (N) Q Fm/n (N) M 



>- n A (N) ^ vaP(N) Soc N »- 



The next step is to show that if we apply the functor F to the above diagram, the 
resulting commutative diagram will also be exact. To do this we use Lemma 3.1. 
Note that since N is an indecomposable not projective A- module, £Ia(N) is also 
indecomposable. Moreover $l\(N) is not a simple A- module (the only A-modules A^ 
such that Cl\(N) is simple are the indecomposable projective A- modules). Hence, 
applying Lemma 3.1 it is not hard to see that the commutative diagram 
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F{M l ) = 

F(i) 



F(Mi) 



f(p') 



— F(Q A (Nj) _ F(n FM/N (N)) F(M ) 



F(a') 



F(<?) 



F(a) 



F(Q A (AT)) F(t\P(N)) F(Soc A) ^ 







is again exact. 

The last step is to show that for any indecomposable direct summand Z of 
Qp M (N), the compositions 



and 



■ F[rip j 



„ w (JV))^F(Mo) 



where is the natural projection and the natural inclusion, are non zero. Since 
M and Mi are in addMp and F(M-p) is a complete slice, this would mean that 
F{Q Fm/n {N)) is also in add F(M-p). 

So let Z be an indecomposable summand of Qf m/n (N), and assume first that 
the composition F(p')oi z , as above, is zero. Then, Z is isomorphic to a direct 
summand of F(Qa(N)). But since f2 A (A) is indecomposable, F{VL\{N)) is also 
indecomposable (property of the functor F), so Z is isomorphic to ^(Qa^)), and 
the sequence 

- F(0 A (A)) - F(Q Fm/n (A0) ^ F(M ) 

in the above diagram is split exact. Then F(a) factors through F(p) and con- 
sequently a: Mo — ► N factors through p: P(N) — > N. But then we have 
Hom A (M-p/N, N) = (0), which is a contradiction. 

Assume now that the composition pz ° F(i), with and F(i) as above, is zero. 
Then, Z is isomorphic to a direct summand of F(tA.P(N)). Note that F(vaP(N)) is 
an injective if-module, hence Z is an indecomposable injective i7-module. But then 
the composition F(p') o i z is zero, since by assumption F(M ) does not contain any 
injective direct summand. As we have already seen, this leads to a contradiction. 
Hence, for any indecomposable direct summand Z of F(ttp M/N (N)), both of the 
compositions F(p') o i z and p z ° F(i) are nonzero which implies that F(Qp M/N (TV)) 
is also in addF(M-p). 

(b) If Rom J M-p/N, N) = (0), then Qp M/N (N) ~ M © A (A^). Hence, in view 
of Theorem 2.3 we have that gldimp^ A = 1 if and only if f2 A (A) is in add M-p. □ 

We apply the above theorem to Auslander generators. Recall from the beginning 
of the section that A is a selfinjective algebra of infinite type and H is the hereditary 
algebra which is stably equivalent to A/ SocA via the functor F. 



MUTATION OF AUSLANDER GENERATORS 



11 



Corollary 3.4. Let M = Affif 1-1 ^) be an Auslander generator of K with E a com- 
plete slice of the AR-quiver of H , that does not contain any projective or injective H- 
modules. Then M* is an Auslander generator if and only if Hom A (Mp /N, N) ^ (0) 
or fl\(N) is in add Mp. 

4. Applications and examples 

Let A be a selfinjective algebra with radical cube zero of infinite representation 
type. We keep the same assumptions and notation as in the previous section. A 
natural question to ask, is whether there exists any Auslander generator M — 
A © M-p, with Mp as before. The answer is that, for these particular algebras, 
there are infinitely many Auslander generators of this form. Set 

M° = A©M P , 

where 

M° = A/SocAffi A/Soc 2 A. 

Then, we know by [2], that M° is an Auslander generator for A. Then, the A- 
module 

M i = A© (r -1 )'^ 

is an Auslander generator by Corollary 1.2. Moreover, for any i > 1, we have 
(T~ 1 ) t M!p = for some complete slice £j in the AR-quiver of H that does 

not contain any projective or injective ii-modules. 

Starting with M°, we can construct more Auslander generators by exchanging 
all simple A-modules, one by one, thus getting a new Auslander generator each 
time. Of course, we can not apply our result directly to M , but we can translate 
M]5 by applying the functor t^ 1 , as we saw above, do the exchange there, and 
translate the resulting slice back using r. Let Mi be the Auslander generator that 
we have constructed by exchanging all simple A-modules. Since for selfinjective 
algebras we have r ~ Q 2 JV, where N is the Nakayama automorphism, we get 
that Q\(Mi-p) = Mp. Since induces a stable equivalence on mod A, it is not 
hard to see that we can again exchange all its sources, one by one, thus getting a 
new Auslander generator each time. Continuing in this way, we can construct by 
mutation, an infinite set of Auslander generators, which we denote by M. Note 
that M contains all M l = A © (r'j'M^, for i > 0. 

Moreover, starting with the Auslander generator 

L° = A © L% 

where 

L% = t A ©t A , 

the dual construction will give us an infinite set of Auslander generators, which we 
denote by £, that contains all L l — A © r J L!p, for i > 0. It is shown in [12] that in 
the case of the exterior algebra in two variables, the union £UM gives a complete 
set of all non- isomorphic minimal Auslander generators. 
Next, we illustrate the above process with an example. 

Example 4.1. Let Q be the quiver 

b >S 

and let kQ be the path algebra of Q over some algebraically closed field k. Set 
A = kQ/I, where I is the ideal of kQ generated by {c 2 — ab, ca, ad, be, db, d 2 — ba}. 
We denote by Pi the indecomposable projective A-modulc that corresponds to the 
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vertex i, and by Si, the top of Pi, for i = 1,2. We draw the component of the 
AR-quiver of A, that contains the indecomposable projective A-modules. 

Pi 




P2 



We begin with the Auslander generator 

M° = P 1 © P 2 © iy Soc Pi © P 2 / SocP 2 © Sx © S 2 . 

Although Mp can not be obtained from a complete slice of the hereditary alge- 
bra that is stable equivalent to A/ Soc A, we can still replace Si by t~ 1 Si using 
Corollary 3.4 as follows. We consider the A-module 

M 1 = Pi © P 2 © t _1 (Pi/ Soc Pi © P 2 / SocP 2 © 5i © S 2 ) 

= Pi © P 2 © r-^Pi/ Soc Pi) © t-\P 2 / SocP 2 ) © r-^i © t' 1 S 2 

which is again an Auslander generator by Corollary 1.2. We now apply Corollary 
3.4 for M = M and N = t~ 1 S\. Since r induces a stable equivalence on modA, 
we have 

Hom A (M* , t- 1 Si ) ~ Hom A (M° , Si ) , 

which is nonzero, since the morphism P\j SocPi — ► Si, induced by the projective 
cover of Si, does not factor through a projective A-module. Hence, the module 

is an Auslandcr generator. Then, by Corollary 1.2, 
we conclude that M°* = M°/Si © t^Si is an Auslander generator. Now, using 
exactly the same arguments, we can replace the direct summand S 2 of M°* by 
t _1 S 2 , thus getting the Auslander generator 

Mi = Pi © P 2 © Pi/ Soc Pi © P 2 / SocP 2 © r _1 5i © r _1 5 2 . 

Next, in order to replace the direct summand Pi / Soc Pi of Mi, by r _1 (Pi/ Soc Pi), 
and since we can not apply Corollary 3.4 directly to Mi, consider the Auslander 
generator 

Ml = Pi © P 2 © t-\Pi/ Soc Pi © P 2 / SocP 2 © T _1 Sl © t _1 S 2 ) 

= Pi © P 2 © t- 1 (Pi / Soc Pi) © T- 1 ^/ SocP 2 ) © r- 2 Si © t- 2 S 2 . 

We apply Corollary 3.4 for M = M\ and = t" 1 (Pi/ Soc Pi). Since r and Q A 
induce a stable equivalence on mod A, we have 

Horn , (Ml p , T~ 1 (Pi / Soc Pi ) ) ~ Horn , (M lv , Pi / Soc Pi ) 

~ Hom A (fiX 1 (M 17 ,), fixV-^Pi/ Soc Pi)) ~ Hom A (M° , Si), 

which, as we have already seen is nonzero. Hence the module Ml* = Ml/ T - 1 {P l / Soc Pi)© 
t~ 1 (P 1 / Soc Pi) is an Auslander generator which means that M^ = Mi/(P\/ SocPi)© 
Pi / Soc Pi is an Auslander generator too. Using the same arguments we can re- 
place the direct summand P 2 / SocP 2 of M* by r _1 (P 2 / SocP 2 ), thus getting the 
Auslander generator 

M 2 = Pi © P 2 © r- 1 (Pi / SocPi) © r -1 (iy SocP 2 ) © t- x Si © t _1 S 2 . 
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Note that M 2 = M 1 , and that from now on if we continue this process, the non- 
projective part of the Auslander generators that we construct are translates of the 
nonprojective part of those that we have already constructed. So in this exam- 
ple the set M consists of the A- modules M°,M° ,M\,M\* and all the modules 
that are obtained by applying t 1 , for all i > 1, to the nonprojective part of these 
modules. 

The set C is constructed dually, starting from the Auslander generator 
L° = Pi ffi P 2 ffi t A Pi ffi t A P 2 © Si © S 2 . 



In general, the mutation process we just described, does not give us all Auslander 
generators of the form M = A © M-p, with Mp coming from a complete slice. The 
following example, gives an infinite set of nonisomorphic Auslander generators of 
the form M — A ffi M-p, that can not be obtained in the above way. 

Example 4.2. Let Q be the quiver 

Cai a-2 a3 ^ — s 

1 2 ==i 3 ==: 4 )d 
f>2 63 64 

and let kQ be the path algebra of Q over some algebraically closed field k. Set 
A = kQ/I, where / is the ideal of kQ generated by 

{c 2 — aib 2 , cai, b 2 c, a\a 2l a 2 a^, b^b 2 , 6463, a 2 b^ ~b 2 ai, azb^ — b^a 2l a^d, c/64, c? 2 — 6403}. 

We denote by Pi the indecomposable projective A-module that corresponds to the 
vertex i, and by Si, the top of Pi, for i = 1,2,3,4. We begin with the Auslander 
generator: 

A ffi Si ffi S 2 ffi S 3 © S 4 ffi Pi/ SocPi ffi P 2 / Soc P 2 ffi P 3 / SocP 3 ffi P 4 / SocP 4 . 

Exchanging first Si and then S 2 with r _1 Si and t~ 1 S 2 respectively, we get the 
Auslander generator 

M = A ffi r _1 Si ffi r _1 S 2 ffi S 3 ffi S 4 ffi Pi/ SocPi ffi P 2 / SocP 2 

ffiP 3 /SocP3ffiP 4 /SocP4. 

Observe that the A-module P\j Soc Pi has now become a source. Hence, instead of 
exchanging the simple module S3, we can try to exchange the module P\j Soc Pi. 
Consider the Auslander generator A ffi r _1 Mp, where M-p is the non-projective 
part of M. Then r _1 Mp = P _1 (S), for some complete slice S that projective 
or injective P-modulcs. Set N = t~ 1 (P\/ SocPi). Then F(N) is a source on 
S. Moreover Earn er' 1 M-p /N,N) ^ (0), so by Corollary 3.4 we have that A ffi 
T _1 Mp/r _1 (Pi/SocPi) ffi (r _1 ) 2 (Pi/SocPi) is an Auslander generator. Then, 
translating back the nonprojective part, we get that 

M* = A ffi 7-"% ffi r- 1 ^ ffi S 3 ffi S 4 ffi r-^Pi/ Soc Pi) ffi P 2 / SocP 2 

ffiP 3 /SocP3ffiP 4 /SocP 4 

is an Auslander generator. Furthermore, for any integer i the A-modules A ffi 
(T _1 )'(Mp) are Auslander generators. Thus, we have constructed an infinite set of 
Auslander generators of the form M = A ffi M-p, that can not be obtained by the 
mutation process described above. 

The next natural question to ask, is whether all the A-modules M of the form 
M = A ffi M-p are Auslander generators. The answer is negative as the following 
example shows. 
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Example 4.3. Let Q be the quiver 

Cai a 2 a 3 a 4 ^ — - 

1 ^^2^==35=^=4^^5 )d 
h 2 63 &4 65 

and let kQ be the path algebra of Q over some algebraically closed field k. Set 
A = kQ/I, where I is the ideal of kQ generated by 

{c 2 - a x b 2 , cai, b 2 c, a±a 2 , a 2 a 3 , a 3 a 4 , b 3 b 2l M3, hh, a 2 b 3 - b 2 a x , 

a 3 b 4 - b 3 a 2 ,a 4 b 5 - & 4 a 3 , 04^, db 5 , d 2 — 6504}. 

We denote by Pi the indecomposable projective A-module that corresponds to the 
vertex i, and by Si, the top of Pi, for i = 1,2,3,4,5. Starting with the Auslander 
generator 

M° = A© A/ Soc A© A/Soc 2 A 

and iterated applications of Corollary 3.4, we can construct the Auslander genera- 
tor: 

M = A © t _1 Si t~ 2 S 2 © 5*3 © t' 2 S 4 © t^Sb © t _1 (Pi/ SocPO © P 2 / SocP 2 

© r- 1 (P 3 / Soc P 3 ) © ft / Soc P 4 © T - 1 (P 5 / Soc P 5 ) . 

Consider the Auslander generator A © T~ x M-p, where M-p is the non-projective 
part of M. Then T~ x M-p = P _1 (S), for some complete slice E that does not 
contain any projective or injective P-modules. Set N = t~ 2 (P 3 / Soc P 3 ). Then 
P(iV) is a source on S. But now, it is not hard to see that Horn A ( r ~ 1 M-p IN, N) = 
(0) and Q\(N) is not in add(A © r _1 M-p) hence, by Corollary 3.4, the A-module 
A © r~ 1 M-p/N © t~ 1 N , is not an Auslander generator. Hence, the module 

M* = A © t- 1 S 1 © r- 2 S 2 © 5*3 © t~ 2 S 4 © r" 1 ^ © t _1 (Pi/ Soc P x ) © P 2 / Soc P 2 

© t- 2 (P 3 / SocP 3 ) © P 4 / SocP 4 © r-^Ps/ SocP 5 ) 

is not an Auslander generator. Furthermore, none of the modules A© (T _1 )'(Mp), 
is an Auslander generator, for any integer i. 

To sum up, a complete slice E, in the AR-quiver of H, that induces an Auslander 
generator for the algebra A, can be mutated by replacing a source N of E, by t~ 1 N 
and getting another Auslander generator. But although there is always some source 
that you can replace and get again an Auslander generator, not all sources have 
this property. Note that all of our examples are weakly symmetric algebras with 
radical cube zero. These algebras were classified by Benson in [5]. It would be 
interesting, at least for the tame case, to investigate which mutations of a slice give 
an Auslander generator. 
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